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Abstract
In this paper, dual functionals with local supports to the univariate B-splines are constructed by symmetrization,
which are a linear combination of function values.
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1. Introduction
Let t := (ti) be nondecreasing with ti < ti+n+1 for all i. The B-spline Ni of order n + 1 and knots
ti , ti+1, . . . , ti+n+1 is deﬁned by
Ni(t) = (ti+n+1 − ti)[ti , . . . , ti+n+1](· − t)n+.
Since (x − t)n = (x − t)n+ + (−1)n(t − x)n+, Ni(t) = (−1)n+1(ti+n+1 − ti)[ti , . . . , ti+n+1](t − ·)n+. For
a polynomial p(t) = a0 + a1t + · · · + antn =∑nk=0aktk , its blossom is deﬁned as follows:
B(p)(t1, . . . , tn) =
n∑
k=0
ak
tk∗
ckn
,
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where cmn is a combinatory number and will be used hereafter and t0∗ , t1∗ , . . . , tn∗ are the elementary
symmetric polynomials of t0, t1, . . . , tn
t0∗ = 1, t1∗ = t1 + · · · + tn,
t2∗ = t1t2 + t1t3 + · · · + tn−1tn, . . . , tn∗ = t1t2 · · · tn.
In [3], the following polarization identity is given:
B(p)(t1, . . . , tn) = 1
n!
∑
S⊆{1,2,...,n},|S|=k
(−1)n−kknp
(
1
k
∑
i∈S
ti
)
.
Marsden’s identity plays an important role in the construction of approximation operators of splines. It
is as follows: for any k, n ∈ N , and for any knot sequence (ti)+∞i=−∞, (x − t)n =
∑
ii(x)Ni(t),i(x)=∏i+n
k=i+1(x − tk), or
p(t) =
n∑
k=0
akt
k =
∑
i
B(p)(ti+1, . . . , ti+n)Ni(t).
From Marsden’s identity, the following well-known results with respect to de Boor–Fix functionals can
easily be obtained [2].
Theorem 1.1. Any polynomial of degree at most n has the B-spline expansion
p(t) =
∑
i
i(p)Ni(t),
where
i(p) = i(p, x) =
n+1∑
m=1
(−1)n−m+1(m−1)i (x)p(n−m+1)(x) ∀x ∈ R,
i(x) =
i(x)
n! .
Any spline s(t) =∑iciNi(t) has the B-spline expansion
s(t) =
∑
i
i(s, i)Ni(t) ∀i ∈ (ti, ti+n+1).
The latter de Boor–Fix functionals are dual functionals with local support to B-splines, i.e. supp i ⊆
[ti , ti+n+1], i(Nj ) = ij .
A direct construction of the functionals (i) dual to the B-spline basis (Ni) may proceed as follows:
given  = (ti), ti ∈ [a, b], let hi be a function such that hi ∈ Cn+1[a; b] and
hi(tj ) = 0, ji + n; hi(tj ) = i(tj ), ji + 1,
294 Z. Guohui et al. / Journal of Computational and Applied Mathematics 195 (2006) 292–299
then the functional i : C[a; b] → R given by the rule
i(f ) :=
∫ b
a
h
(n+1)
i (t)f (t) dt
satisﬁes i(Nj ) = ij .
In [3], the blossoms of the B-splines are the blossoms of the polynomial segments of the B-splines
restricted on some interval [ti , ti +1], which are in fact dual to the polynomials. In this paper a new proof
of the polarization identity is given, and the duality property of the right-hand side of the polarization
identity to the B-spline is also proven. A procedure for obtaining dual functionals spanned by point
evaluations for an arbitrary degree has been given in [1], where a formula for B-splines of degree two is
constructed.As it becomes quite complicated for high degrees, the procedure is not carried out for higher
degrees.
2. Construction of dual functionals by symmetrization
The right-hand side of the polarization identity can be written as follows:
L(f )(t1, . . . , tn) = 1
n!
1∑
r=n
(−1)n+r rn
∑
1 i1<···<ir n
f
(
ti1 + · · · + tir
r
)
.
As is known, L is equal to B for polynomials of degree at most n. Next we give a new proof. First, we
consider xn. We have
(t1 + t2 + · · · + tn)n = pn(t1, t2, . . . , tn) + pn−1(t1, t2, . . . , tn) + · · · + p1(t1, t2, . . . , tn),
where
pr(t1, t2, . . . , tn) = n!
∑
1 i1<···<ir n
n1+···+nr=n
nk>0,k=1,...,r
r∏
k=1
t
nk
ik
nk!
and
qr(t1, . . . , tn) =
∑
i1<···<ir
(ti1 + · · · + tir )n
=
∑
1 i1<···<ir n
{p1(ti1, . . . , tir , 0, . . . , 0) + · · · + pr(ti1, . . . , tir , 0, . . . , 0)}
=
r∑
k=1
cr−kn−kpk(t1, . . . , tn)
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or
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
(t1 + · · · + tn)n∑
1 i1<···<in−1n
(ti1 + · · · + tin−1)n∑
1 i1<···<in−2n
(ti1 + · · · + tin−2)n∑
1 i1<···<in−3n
(ti1 + · · · + tin−3)n∑
1 i1<···<in−4n
(ti1 + · · · + tin−4)n
...
...
...
tn1 + · · · + tnn
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
=
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
c00 c
1
1 c
2
2 c
3
3 c
4
4 · · · · · · · · · cn−1n−1
0 c01 c12 c23 c34 · · · · · · · · · cn−2n−1
0 0 c02 c13 c24 · · · · · · · · · cn−3n−1
0 0 0 c03 c14 · · · · · · · · · cn−4n−1
0 0 0 0 c04 · · · · · · · · · cn−5n−1
...
...
...
...
...
. . .
...
...
...
...
...
...
. . .
...
...
...
...
...
...
. . .
...
0 0 0 0 0 · · · · · · · · · c0n−1
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
pn(t1, . . . , tn)
pn−1(t1, . . . , tn)
pn−2(t1, . . . , tn)
pn−3(t1, . . . , tn)
pn−4(t1, . . . , tn)
...
...
...
p1(t1, . . . , tn)
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.
So
t1t2 · · · tn = 1
n!
1∑
r=n
(−1)n+rqr(t1, . . . , tn),
that is, L(xn) = B(xn). By induction, if L(xk) = B(xk), then
(

t1
+ · · · + 
tn
)
L(xk) = kL(xk−1) =
(

t1
+ · · · + 
tn
)
B(xk)
= (n − k + 1)c
k−1
n
ckn
B(xk−1)
that is, L(xk−1) = B(xk−1). The proof is complete.
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Theorem 2.1. Any polynomial p(t) of degree at most n has the B-spline expansion p(t)=∑ii(p)Ni(t),
where
i(f ) =
1
n!
1∑
r=n
(−1)n+r rn
∑
i<i1<···<ir<i+n+1
f
(
ti1 + · · · + tir
r
)
.
In fact, i(Nj ) = ij .
Proof. Only duality needs to be proved. We begin with Ni(t) = (−1)n+1(ti+n+1 − ti)[ti , . . . , ti+n+1]
(t − ·)n+.
Since (s − tn+1)n+ = 0 for s ∈ [t0, tn+1], and
nn
{
n+1∑
i=0
( t1+···+tn
n
− ti)n+∏
j =i(ti − tj )
}
=
(∑n
i=1(ti − t0)
)n
+∏
j =0(t0 − tj )
+
n∑
i=1
(∑
j =i(tj − ti)
)n
+∏
j =i(ti − tj )
,
(n − 1)n
⎧⎪⎨
⎪⎩
n∑
i=1
n+1∑
j=0
(∑
k =i tk
n−1 − tj
)n
+∏
k =j (tj − tk)
⎫⎪⎬
⎪⎭
=
n∑
i=1
(∑
j =i(tj − t0)
)n
+∏
j =0(t0 − tj )
+
n∑
i=1
(∑
j =i(tj − ti)
)n
+∏
j =i(ti − tj )
+
n∑
i=1
n∑
j=1,j =i
(∑
k =i,k =j (tk − ti)
)n
+∏
k =i(ti − tk)
and for r = n − 1, . . . , 2,
rn
⎧⎪⎨
⎪⎩
∑
1 i1<···<ir n
n+1∑
j=0
(∑r
k=1tik
r
− tj
)n
+∏
k =j (tj − tk)
⎫⎪⎬
⎪⎭
=
∑
1 i1<···<ir n
(∑r
k=1(tik − t0)
)n
+∏
j =0(t0 − tj )
+
n∑
i=1
i1 =i,...,ir =i∑
1 i1<···<ir n
(∑r
k=1(tik − ti)
)n
+∏
k =i(ti − tk)
+
n∑
i=1
i1 =i,...,ir−1 =i∑
1 i1<···<ir−1n
(∑r−1
k=1(tik − ti)
)n
+∏
k =i(ti − tk)
and
n∑
i=1
n+1∑
j=0
(ti − tj )n+∏
k =j (tj − tk)
=
n∑
i=1
(ti − t0)n+∏
j =0(t0 − tj )
+
n∑
i=1
n∑
j=1,j =i
(tj − ti)n+∏
k =i(ti − tk)
,
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so we have
(−1)n+1 n!
tn+1 − t0 0(N0)
= nn
{
n+1∑
i=0
( t1+···+tn
n
− ti)n+∏
j =i(ti − tj )
}
− (n − 1)n
⎧⎨
⎩
n∑
i=1
n+1∑
j=0
(
∑
k =i tk
n−1 − tj )n+∏
k =j (tj − tk)
⎫⎬
⎭
+ (n − 2)n
⎧⎨
⎩
∑
1 i1<···<in−2n
n+1∑
j=0
(
∑n−2
k=1 tik
n−2 − tj )n+∏
k =j (tj − tk)
⎫⎬
⎭
− (n − 3)n
⎧⎨
⎩
∑
1 i1<···<in−3n
n+1∑
j=0
(
∑n−3
k=1 tik
n−3 − tj )n+∏
k =j (tj − tk)
⎫⎬
⎭
+ · · · + (−1)n+1
⎧⎨
⎩
n∑
i=1
n+1∑
j=0
(ti − tj )n+∏
k =j (tj − tk)
⎫⎬
⎭
=
(∑n
i=1(ti − t0)
)n
+∏
j =0(t0 − tj )
−
n∑
i=1
(∑
k =i(tk − t0)
)n
+∏
j =0(t0 − tj )
+
∑
1 i1<···<in−2n
(∑n−2
k=1(tik − t0)
)n
+∏
j =0(t0 − tj )
−
∑
1 i1<···<in−3n
(∑n−3
k=1(tik − t0)
)n
+∏
j =0(t0 − tj )
+ · · · + (−1)n+1
n∑
i=1
(ti − t0)n+∏
j =0(t0 − tj )
= 1∏
j =0(t0 − tj )
1∑
r=n
(−1)n+rqr(t1 − t0, . . . , tn − t0)
= n!
∏n
j=1(tj − t0)∏
j =0(t0 − tj )
= (−1)n+1 n!
tn+1 − t0
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that is, 0(N0) = 1. In the same way, we have for l = 1, . . . , n − 1,
(−1)n+1 n!
tl+n+1 − tl 0(Nl)
= nn
{
n∑
i=l
( t1+···+tn
n
− ti)n+∏
j =i(ti − tj )
}
− (n − 1)n
⎧⎨
⎩
n∑
i=1
n∑
j=l
(
∑
k =i tk
n−1 − tj )n+∏
k =j (tj − tk)
⎫⎬
⎭
+ (n − 2)n
⎧⎨
⎩
∑
1 i1<···<in−2n
n∑
j=l
(
∑n−2
k=1 tik
n−2 − tj )n+∏
k =j (tj − tk)
⎫⎬
⎭
− (n − 3)n
⎧⎨
⎩
∑
1 i1<···<in−3n
n∑
j=l
(
∑n−3
k=1 tik
n−3 − tj )n+∏
k =j (tj − tk)
⎫⎬
⎭
+ · · · + (−1)n+1
⎧⎨
⎩
n∑
i=1
n∑
j=l
(ti − tj )n+∏
k =j (tj − tk)
⎫⎬
⎭= 0
Similarly, with Ni(t) = (ti+n+1 − ti)[ti , . . . , ti+n+1](· − t)n+, it can be easily proved that 0(Nl) = 0 for
l = −1, . . . ,−n + 1. Now we have 0(Nj ) = 0j , and the proof is complete. 
From the above theorem, it can be seen that ||i || 1n!
∑1
r=ncrnrn.
Two examples: For n = 2,
i(f ) = 2f
(
ti+1 + ti+2
2
)
− 1
2
[
f (ti+1) + f (ti+2)
]
;
this is the formula constructed in [1]. For n = 3,
i(f ) =
9
2
f
(
ti+1 + ti+2 + ti+3
3
)
− 4
3
[
f
(
ti+1 + ti+2
2
)
+ f
(
ti+2 + ti+3
2
)
+ f
(
ti+1 + ti+3
2
)]
+ 1
6
[
f (ti+1) + f (ti+2) + f (ti+3)
]
.
3. Summary
In this paper, we construct dual functionals with local supports to the univariate B-splines by sym-
metrization, which are a linear combination of function values. Further work will be devoted to the
construction of similar dual functionals to unimodular Box splines.
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